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ABSTRACT 

Recent work on classification of off-sliell representations of iV-extended worldline 
supersymmetry without central charges has uncovered an unexpectedly vast num- 
ber — trillions of even just (chromo)topology types — of so called adinkraic super- 
multiplets. Herein, we show by explicit analysis that a long-known but rarely used 
representation, the complex linear supermultiplet, is not adinkraic, cannot be de- 
composed locally, but may be reduced by means of a Wess-Zumino type gauge. 
This then indicates that the already unexpectedly vast number of adinkraic off-shell 
supersymmetry representations is but the proverbial tip of the iceberg. 

1 Introduction, Results and Summary 

1 . 1 History and Organization 

Refs. [1,2,3,4,5,6] developed a detailed classification of a huge class (~ 10^^ for no more than 32 
supersymmetries) of adinkraic off-shell worldline supermultiplets, wherein each supercharge maps 
each component field to precisely one other component field or its r-derivative. These supermul- 
tiplets are faithfully depicted by graphs called Adinkras; see also Refs. [7,8,9,10,11,12,13]. That 
a basis of supercharges and a compatible basis of component fields that exhibits such an acute 
syzygy can even exist is by no means guaranteed. Herein, we demonstrate that an oft-ignored 
"red-headed stepchild" in the family of famous and familiar supermultiplets, the complex linear 
supermultiplet [14] ^ — CLS, for short, in fact is not adinkraic. This, in fact, had to be the case, 
since the 12+12 component fields of CLS cannot possibly span a hypercubical chromotopology, as 
required by Theorem 4.1 of Ref. [4] . 

In the remainder of this introduction, we specify the notation and conventions. Section 2 
analyzes the real scalar supermultiplet (RSS) and real pseudoscalar supermultiplet (RPS) in their 
real/Majorana structure in 3+1-dimensional spacetime and reduces them to their worldlines, i.e., 0- 
brane. Section 3 merges the RSS and RPS into the CLS and analyzes the resulting 3+1-dimensional 
spacetime structure and 0-brane reduction, following a similar pattern to Section 2. Section 4 
presents the supersymmetric action for the RSS, RPS, and CLS and concludes with a discussion of 
the implications of this result. 



^ This was also called the non-minimal chiral supermultiplet in Ref. [15] . 



BHoward University Department of Physics and Astronomy — Howard University Department of Physics and Astronomy — Howard University Department of Physics and Astronomyt 



1.2 Definitions 

Complex linear superfields are defined by the property that they are annihilated by a Lorentz- 
invariant "square" of the conjugate superderivatives. We focus on the most familiar case, of sim- 
ple supersymmetry in 1 + 3-dimensional spacetime that has a total of = 4 supercharges. We 
consider the worldline (0-brane) dimensional reduction of this particle, and so operate with the 
(l|4)-supersymmetry algebra 



Q/ = Qi, = H, 

were H = ihdr. We also have the superderivatives: 

{Dj,Dj} = 26jjH, [H,Dj] = 0, 
D/ = -D,, {g,,Dj}=0, 



I,J =!,■■■ A, (1.1) 



/,J=1,-- - ,4. (1.2) 



a,d = l,2. (1.3) 



Instead of this real basis, we may also use the complex (and nilpotent) basis of Hermitian pairs: 

Qa ■= l{Qa + iQ2+a), Qa ■= Qa = | ( " ^Q2+A ) , 

D^:=\{'D^ + ) , -Da := r>J = |( Da - zDa+A ) , 

With this basis, the algebra (1.1) and (1.2) becomes: 

{Q^.Q;]=5^-^H, {D^,D^}=5^^H, (1.4) 
with all other (anti) commutators vanishing. In particular, note that 

= = Q/, and D^' = = D?. (1.5) 

We will also need that 

Qi = iDi-2i5uO-^ H, and Di = -iQi - 25ij0'^ H, (1.6) 

where 9^ provide the fermionic extension to (space)time into superspace. When applied on su- 
perfields (general functions over superspace), the D/ act as left-derivatives while the Qi act as 
right-derivatives. Owing to this and with the sign conventions and definitions from Ref. [16] , we 
have that 

Qi<p = i'Di^l and Qi^) = -iDj^l (1.7) 

where $| = (^'| = -i/;) is an arbitrary bosonic (fermionic) functional-differential expression, and $ 
{^) the appropriate superfield expression defining [ip) by means of the superspace —)■ spacetime 
projection denoted by the "|" right-delimiter. Owing to the relations (1.7), a supermultiplet may 
be represented interchangeably: 



as { ($ 




■■)■■ 


D/ $ = 2*7, 


Dj *j = Sij^ + ..., 


etc.^, 


(1.8a) 


as { ( 


^/ 1 ■ 


■■)■■ 


Q/(0) = 


Qiii^j) = -iSij^ + ... 


, etc.}, 


(1.8b) 


or as { ( 


i^i ■ 


■■)■■ 


5e{4>) = ie^i^i, 


Sei^j) = -e'6ij<i) + .. 


. , etc.}. 


(1.8c) 



Relying on the (1.8a)-(1.8c) correspondence, we may also specify supermultiplets in the latter 
representation, (1.8 manifestly supersymmetric (recall: {Qi, Dj} = 0) closed system of 

superdifferential relations between component superfields, the lowest component of each of which 
is the corresponding (ordinary spacetime) component field. 

We will therefore write our transformation laws in component notation in terms of the su- 
perderivative D/. On way to our various 0-brane reductions, we will always start with 4D, Af = 1 
transformation laws written in terms of with a = 1, 2, 3, 4 a Majorana fermionic index. Through- 
out the paper, we denote the number of super symmetries on the 0-brane as = 4 A/", where A/" is 
always the number of supersymmetries in AD. We will use the real representation of the 7 matrices 
as in Refs. [17,18] 
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where the fermionic indices are raised and lowered by the spinor metric Cab and inverse spinor 
metric C"* 
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(1.11) 



according to the convention 



Ca = CQ 



ba 



c^'Cb 



[1.12] 



which satisfy 



Cnr.C 



be 
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2 The Real Scalar and Pseudoscalar Supermultiplets 

In this section we will introduce both the real scalar and real pseudoscalar supermultiplets in our 
AD, Af = 1 component notation. We will then dimensionally reduce these multiplets to the 0-brane 
by considering all fields to have only time dependence. Finally, we will organize these dimensionally 
reduced transformation laws into Adinkras for both supermultiplets. 
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2. 1 AD, J\f = 1 Transformation Laws 

In component form, the real scalar supermultiplet can be written as the following set of supersym- 
metric transformation laws 

BaK =C (2.1a) 

DaCb =^{lnab^,K + {j'Y)abU, + tCabM + {j')abN (2.1b) 

D,M=lA,-l{Y)a%C, (2.1c) 

B^N = - 4(7^)/A, + tl{i'Y)/dX, (2.1d) 

D,U, =^i(7^,)/A, - ^kh'rl,)a'^Xci (2.1e) 

D„Ab =t{Y)abd^M + (7V)a69^Ar + {-f'Yinabd^U, + tCabd (2.1f) 

D,d = - iin/duAd. (2.1g) 

where Dq is the superderivative alluded to in Section 1. The superderivatives satisfy the closure 
relation 

{D„D,} = 2z(7^),,9^ (2.2) 

for all fields in the real scalar supermultiplet (2.1). 

The real pseudoscalar supermultiplet can be defined from the real scalar supermultiplet via 

U^^V^, A,^-z(7')A, d^d (2.3) 
and this yields the pseudoscalar supermultiplet (RPS), which satisfies 

D,X=^(7^)>, ^ ^ (2.4a) 

DaPft = - il'r)abd^L + tiY)abV, + {^')abN + iC^bM (2.4b) 

^oN = -4(7^) A + ^^(7 V)a%P. (2.4c) 

D,M=lK~liYJa%Pci (2.4d) 

= - U^,)a^+ \{Yl,)aduPd ^ (2.4e) 

D.Afe Hl^'l^abd^N + i{r)abd^M + i{YY)abd;V, - (7')afed (2.4f) 

D,d = - z(7V)a'5A«A, . (2.4g) 

where the superderivatives again satisfy the closure relation (2.2) for all fields in the real pseudoscalar 
supermultiplet (2.4). 

2.2 Dimensional Reduction and Adinkras 

Performing the one-dimensional reduction of the real scalar supermultiplet (2.1) and defining Xjj = 
-Xji = -i^DijDj^K = -^KD/Dj - DjDi)K we find: 

Xu=U2-M, Xi, = U3-N, X23 = Ui-Uo, 

Xu=Uo + Ui, X24 = ~Us-N, Xu = U2 + M (2.5) 
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Table 1 : The superdifferential relations between the one-dimensionally reduced components of the real 
scalar superfield. 



K 


Ci 


C2 


Cs 


C4 


X12 


^13 


Xi4 


-^^23 


^24 


^34 


-A2 


Ai 


A4 


-A3 


d 


Di: 


Ci 


ik 


iXi2 


iXi3 


iXi4 


C2 


C3 


L 


-A3 


-A4 


Ai 


id 


iX34 


-iX24 


i^23 


-A2 


Do: 


C2 


-iXi2 


ik 


iX23 


iX24 


-Ci 


A3 


A4 


C3 


C4 


A2 


-iX34 


id 


iXi4 


-iXi3 


Ai 


D3: 


Cs 


-iXi3 


-1X23 


ik 


1X34 


-A3 


-Ci 


-Ai 


-C2 


-A2 


C4 


iX24 


-iXi4 


id 


■iXi2 


A4 


D4: 


C4 


-iXi4 


-iX24 


-iX34 


ik 


-A4 


Ai 


-Ci 


A2 


-C2 


-C3 


-iX23 


^^13 


-iXi2 


id 


-A3 



we can write the transformation laws as in the Table 1. With the conventions of Refs. [17,18] , we 
can depict the dimensionally reduced transformation laws for the real scalar supermultiplet [RSS) 
as the Adinkra in (2.6) 




where e.g., Di K = (^^ is depicted by the solid red edge, and Di X24 = — A4 by the dashed red edge 
where the dashing encodes the minus sign; following an edge downward results in the r-derivative 
of the indicated component field. Owing to the factors of i in all fermion to boson transformations 
in Table 1, the <^2 — ^12 solid red edge depicts for instance the relation Di = i^i2- 

With the substitutions (2.3), written more explicitly as in Eq. (2.7) 

K ^ L, M ^N, N ^ -M 
U,^V^, d ^ d 

Cl -P4^ C2 P3' C3 -P2> C4 Pi 

Ai A4, A2 -A3, A3 A2, A4 ^ -Ai, (2.7) 
and the definitions Yjj = —Y ji = — i^Dj/DjjX: 

Y^2=V2-N ,Y^3 = V3 + M, Y23 = V^-V, 

Y^4=Vo + Vi, Y24 = M-V3, Y34 = V2 + N (2.8) 

Table 1 transforms into Table 2 for the real pseudoscalar supermultiplet (2.4) which can then be 
depicted succinctly as the Adinkra in (2.9). 
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Table 2: The superdifFerential relations between the one-dimensionally reduced components of the real 
pseudoscalar superfield. 



L 


-Pi 


Pi 


-P2 


Pi 


Y12 


1^13 


1^14 


Y23 


Y2i 


^34 


A3 


A4 


-Ai 


-A2 


d 


Di: 


-Pa 


it 


iYi2 


iYi3 


lYu 


h 


-P2 


Pi 


-A2 


Ai 


A4 


id 


iYsi 


-iY2i 


iY23 


A3 


D2: 


Ps 


-iYi2 


it 


iY23 


iY24 


Pi 


A2 


-Ai 


-h 


Pi 


-A3 


-i%i 


id 


iYii 


-iYvi 


A4 


D3: 


-P2 


-iYi3 


-iY23 


it 


lYsi 


-A2 


Pi 


-A4 


-h 


A3 


Pi 


iY2i 


-iYii 


id 


iYi2 


-Ai 


D4: 


Pi 


-iYu 


-iY24 


-iYs^ 


it 


Ai 


A4 


Pi 


-A3 


-h 


P2 


-iY23 




-iYi2 


id 


-A2 




3 The Complex Linear Supermultiplet 

3. 1 The Complex Linear Supermultiplet Fusion 

In the introduction, the complex linear supermultiplet was called a "red- headed stepchild." The 
reason for this can be seen by reviewing its history. The proper appearance of the complex linear 
supermultiplet occurred in works on the subjects of superfield supergravity [19] and the use of 
superspace [14] . The first comment that it could be related by a duality transformation to the 
usual chiral multiplet was contained in Ref. [20] where it was noted that Zumino had previously 
given a first-order action appropriate for this purpose [21] . In 1984, it was proposed [22] that the 
existence of the chiral supermultiplet and the complex linear supermultiplet offered the possibility 
of assigning left-handed and right-handed fermions to very distinct supersymmetry representations 
with one handedness being described by chiral supermultiplet and the other handedness to arise 
from the complex linear supermultiplet. Since that time, one of the authors (SJG) has returned to 
investigate the complex linear supermultiplet many times in applications such as phenomenological 
actions [23,24] , six dimensional SUSY sigma-models [25,26] , 4D M = 2 SUSY sigma-models [27, 
28,29] , and in relation to a fundamental representation theory [30,31] . In recent times, principally 
due to S. Kuzenko and collaborators, there have appeared many new and impressive results [32, 
33,34,35,36,37,38,39,40,41,42,43,44,45,46,47] that lend broad and deep insights into the use of the 
complex linear multiplet in additional topics such as Goldstone superfields, sigma-models, and their 
relation to harmonic and projective superspace models. 

So by this point, the "red-headed stepchild" has been shown to provide a wide array of applica- 
tions. There are even some hints [48,49] that the complex linear supermultiplet may be of interest 
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for effective string theories. 

We can construct the complex hnear supermultiplet from fusion of a real scalar and pseudoscalar 
supermultiplet with the constraint 

(C-" + (75)«^)D„D,(K + iL) = 0. (3.1) 

As C""^ is purely real and (7^)"^ is purely imaginary, we can split this constraint into its real and 
imaginary parts 

D,D5(C"'^K + til^'L) = ^ (D[3D4] - D[iD2])K = (D[iD3] + D[2D4])i (3.2a) 
D,D,((75)«''K + iC^'L) = ^ (D[iD3] + D[2D4])K = -(D[3D4] - D[iD2])i (3.2b) 

which result in the following simple constraints: 

01 = M - M = ^ 1^13 + 1^24 =^34 - X12 (3.3a) 

02 = AT - TV = ^ Xi3 + X24 =1^12 - Ym. (3.3b) 

After calculating either of 

D,0i = O or D,02 = O (3.4) 
we uncover the following constraints on the fermions 

= A, - A, - WaXiCd - Pd) = 0. (3.5) 

Defining 

2/3, ^ A, + A, - maXiC, + Pt) (3.6) 
we next eliminate A^ and A^ from the system by solving for them in terms of f3^ 

Aa =/3. + {Y)a%Cci (3.7a) 
Aa=f3, + {r)a%Pd . (3.7b) 

Our final two constraints are 

(7^)"^D„D;,0i = or C"^''D,D602 = $1 = d + 29^C/^ + = (3.8a) 

C'^'D,Dfc0i = O or (75)"''D,Dfe02 = ^ $2 = d - 29^V^ + = (3.8b) 

with □ = df^d^ = rj^'^dfj^dy. This leaves a supermultiplet parametrized by the remaining (2|8|10|4|0) 
component fields: 

{K,L\ C, p, I M, AT, C/^, V, I /3 J , (3.9) 

Owing to the component field substitutions (3.7) and (3.8), these 12 + 12 component fields indeed 
span the complete supermultiplet, reduced from the initial 16 + 16 component fields by means of 
the constraints (3.3). The transformation laws of the resulting 12 + 12 component complex linear 
superfield are as in Eq. (3.10). 
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(3.10a) 



D„X = z(7^)>, (3.10b) 

D„ p, = iCab M + (7^),, N + ^(7'^),, - {^'Y)abdf,L (3.10c) 

Cb = ^Cab M + (7^),^ N + {^''Y)ab U, + t{Y)ab O.K (3.10d) 

D,M = i/3, (3.10e) 

V)aN = -i\{^\''P, (3.10f) 

Dal/^ = (3b - ^lil' ,l,])a dXb (3.10g) 

^aV, = -l(^Xf^b+Ub''n,])a'd,p, (3.10h) 

D,/3, = 2z(7^),,9^M + 2{^'Y)abd,N + 2{^'>)abd^U, + 2^C,fc9'^V^ . (3.10i) 



Noting that the redefinitions (3.7) and (3.8) indicate (l) "1-several" component field replace- 
ments and (2) include second derivatives, the reader might suspect the latter of these to imply a 
violation of the Haag-Lopusahski-Sohnius theorem in that a supercharge might transform a com- 
ponent field into another one the engineering dimension of which differs from the original one by 
more than ±|. In fact, the (standard [14,50] and) manifestly supersymmetric complex superfield 
formulation and treatment of CLS reassures us that this is not the case, and the appearance of the 
second derivatives merely points to the inadequacy of the basis (3.9). 

In turn, we show that the former of these features implies that the CLS is not adinkraic; this 
result may simply herald the "inconvenient truth:" that most^ representations of supersymmetry 
are not adinkraic. This agrees with the recent result of Ref. [51] . 

As was noted in [31] , the constraints in (3.3), (3.5), and (3.8) 

(01, 02 I *a I $1, $2), (3.11) 

where 

01 =M -M , 02 = AT - iV , (3.12a) 

^A, - A, - ma%iCd - Pd) (3.12b) 

$1 =d + 25^17^ + nL , $2 = d - 29^ + UK , (3.12c) 

themselves form a chiral supermultiplet. Thus, if we draw the Adinkras for the RSS and the RPS the 
imposition of the constraints can be indicated by the insertion of the Adinkra of a chiral multiplet 
relating to the components of the RSS and the RPS which is then set to zero. This chiral multiplet 
is illustrated in the 'blue region' of Fig. 1 where the rightmost Adinkra corresponds to the fields and 
transformation laws in Eq. (3.10). Figure 1 is a 'blueprint' for the CLS Adinkra with explicit field 
content which we will build in Section 3.2. The process depicted in Fig. 1 was called 'zippering' 
in the work of Ref. [52] . However, K. Iga has noted that the process imposed on the Adinkra in 
someways resembles the process of constructing a gnomon [53] in classical geometry. 

^As the "1-several" component field replacements (3.7) and (3.8) stem from the simplicity of the superdif- 
ferential constraints (3.3) and the somewhat obvious fact that there exists indefinitely more non-simple 
superdiffcrcntial constraints [15] , the subset of simple superdifferential constraints and so-dcfincd simple 
supermultiplets is of measure zero in the totality of all superdifferential constraints and so-defined supermul- 
tiplets. 
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Figure 1 : A schematic of the 'zippering' process that fuses the RSS and RPS (left) into the CLS (right). 
The black edges indicate bi-directional transformations and the grey edges indicate uni-directional 
transformations. For instance, the black edge M — (3^ indicates that D^M D (3^ and DaPb ^ 
where as the grey edge M -^^ indicates that, e.g., ■ - Ct ^ ^ but I) iW ^ 

3.2 0-brane Reduction and Adinkra 

The two constraints (3.3) allow us to remove X13 and Y13 from the resulting dimensionally reduced 
complex linear supermultiplet, leaving us with the linearly independent set: 

1/3,). (3.13) 

where 

X12 =U2 - M, X23 = Ui- C7o) X24 = -C/3 - N, 

Xi4 = C/o + C/l) X34 = C/2 + M, 

1-12 =V2 - N, Y23 = Vi - Vo) 1^24 = M - 

Yu = Vo + Vu Yu = V2 + N (3.14) 

The dimensionally reduced versions of the substitutions (3.7) and (3.8) which take us from RSS 
and RPS union to CLS are 

Ai=/3i + C2 ) A2 = /32-Ci ) A3=/33-C4 ) A4 = /34+C3 , (3.15a) 
Ai=/3i + P2 ) A2=/32-Pi ) A3 = /33-p4 , A4 = /34+p3 , (3.15b) 
d = - 2Vo + = 1^23 - i^i4 + ) d = 2Uo + L = XM-X23 + L (3.15c) 

We now copy the dimensionally reduced transformation laws in Tables land 2 for the real scalar 
and pseudoscalar supermultiplets, respectively (utilizing the substitutions (2.7)), and perform the 
substitutions (3.3), (3.14), and (3.15), omitting also the substituted fields, X13, 1^13, A/, Aj, d and 
d, from the so-obtained Table 3. 
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Table 3: The dimensionally reduced complex linear supermultiplet supersymmetry transformation 
rules: the initial basis (3.9). 





Di 


D2 


Da 


D4 


K 


Ci 


C2 


C3 


C4 


L 


-P4 


Pa 


-P2 


Pi 


S 1 


ik 




ifX24 - Y^o + Y3A) 






iXi2 


ik 


-i^23 


-iX2i 


Cs 


-i{X2A - Y12 + Y^a) 


1X23 




-iX34, 


C4 


iXi4 


iX24 


iX34 


ik 


Pi 


iYii 


iY24 


il^34 


it 


P2 


i{Y2A + X12 — X^i) 


-iY23 


-it 


iY3A 


P3 


iYi2 


it 


-iY23 


-iY2i 


P4 


-it 


iYi2 


— i(1^24 + -^^12 — ^34) 


iYu 


-X12 


C2 




-P3 + C4 


-Pa - C3 

1 4 ^0 


Xi4 


C4 


Pa + C3 


- C2 


-Ci 


X23 


-/33 + C4 






P2 - Cl 


X24 


-/34 - C3 


C4 


-P2 + Cl 


-C2 




P1 + C2 


/32-Ci 


C4 


-C3 


Y12 


h 


P4 


-P2+P1 


/3l+P2 


Yi4 


Pi 


-/3l-p2 


-Pi-h 


P4 


Y23 




-P2 


-h 


-P3+PA 


Y2A 


P1+P2 


Pi 


P3-P4 


-h 






-/33+P4 


Pi 


P2 


/3i 


i{X34 - X12) 


14-1^23) 


-i(Xi4-X23) 


-i{Y3A-Yl2) 


/32 


i{Yu-Y23) 


i(X34-Xi2) 


^(1-34-^12) 


-i{XiA-X23) 


/33 


i{Xii-X23) 


-Z(r34-i^l2) 


^(^34-^12) 


i{YlA-Y23) 


/34 


i{Y3A-Yi2) 


(^14—^23) 


-i{Yu-Y23) 


i{X3A-Xi2) 



Higher-Level Bosons: The transformation results of D/Cj and I^i Pj involve 6+6 distinct linear 
combinations of the 5+5 independent bosons Xjj and Yjj. It is therefore impossible to rewrite 
each of these as a single, linearly independent component field or its derivative, and the CLS 
supermultiplet is therefore unavoidably non-adinkraic. 

We thus turn to the ten higher-level bosons, Xjj,Yjj, with IJ 7^ 13, and notice that the 
particular combinations X34— X12 and 1^34—1^12 occur (l) throughout the supersymmetry trans- 
formations of Pj, as well as (2) in all trinomial terms in the supersymmetry transformations of 
Ci,C3)P2)P4- Therefore, the redefinitions 

X34 ^ ^34 := (X34-X12) and 1^34 ^ F34 := (^34-1^12) (3.16a) 

reduce all trinomials in the results of D/ C j aiid D/ pj into binomials, and also reduce some of the 
binomials in the results of DjXjk and DjYjk- Similar simplification are achieved also by the 
replacing 

Xi4 ^ ^14 := (X14-X23) and ^14 ^ *^i4 := (1^14-^23)- (3.16b) 
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The component field combinations (3.16a) are related to the primary relations (3.3), while the 
component field combinations (3.16b) are related to the secondary relation (3.15c). 



Table 4: The superderivative relations for the dimensionahy reduced complex linear superfield, after 
the field redefinitions (3.16). The fields and colors are organized to expose the antisymmetric F^iy-like 
structure in the transformations. 
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D3 
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> 

C4 
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^23 
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^21 


Ci 
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^24 
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-P2 
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-'P3 
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Y21 


-Pi 


-~P2-(^1 


-Pl+A 


-P3 


^43 
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-/34 


-/33 






/34 


-/32 
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/33 


^^43 


/33 




-A 


-/34 


F41 


/3i 


-A3 


/34 


-/32 





D2 


n 


D3 


Di 


C2 


ik 


-1X24 


-iX23 


-1X21 


C4 


iX2i 


ik 


-1x21-2^43 


1X23-1X41 


C3 


iX23 


iX2i+iX4s 


ik 


-iX24+iY43 


Ci 


1X21 


-iX23 + iX4i 


iX2A-iY4'i 


ik 


P3 


it 


-lY24 


-lY23 


-lY21 


Pi 


iY2i 


ii 


-iY2i-iYi3 


iY23-iY4i 


-P2 


iY23 


iY2i+i¥43 


it 


-iY24-iX43 


Pi 


iY2i 


-iY23+iY4i 


iY24+iXi3 


ii 




tYii 


iY43 


iXii 


-1X43 


-/33 


-4^43 


iYii 


1X43 


1X41 


/34 




-1X43 


iY4i 


-iY43 


-/32 


iXi3 


-iXii 


iY43 


iY4i 



These replacements turn Table 3 into Table 4, written in terms of the optimal basis (3.17) 

(^K,L I Clip J I ^21; ^23) ^24; ^21; ^23) ^24; -^41; -^43) ^41; 

1/3,). (3.17) 

The structure shown in Table 4 may be depicted akin to the Adinkras of Refs. [2,4,5,6] , provided 
we introduce an additional graphical element: uni-directional edges, to represent the fact that, e.g., 
D 1 (^3 D ^43, but D 1 X43 7^ ^3. (Nevertheless, as the results in Table 4 easily show, the algebra (1.2) 
is satisfied by the Q/-action upon each and every component field.) These uni-directional (partial) 
transformations were depicted as grey edges in the 'blueprint' of Fig. 1. Uni-directional edges 
were also introduced in Ref. [31] where they too were depicted as grey edges. Herein, to avoid 
complicating the graphs using four additional colors and to visually indicate their (exclusively) 
upward direction, we depict uni-directional edges by tapering edges; see Figure 2. 

Top-Level Fermions: Further row-operations in the same vein as those used for the higher-level 
bosons such as f3i — )■ {(3i + Pg) so as to remove the non-Adinkraicity from the transformations of 
the Xjj, Yjj bosons would re-introduce second derivatives in the supersymmetry transformation 
rule: 

Bs{i3, + p,) = -tki^-iL. (3.18) 

In turn, the lower-level fermions, Cj, pj cannot be redefined by an admixture of the top-level fermions 
locally. Furthermore, no row-operation amongst the top-level fermions offers any cancellation or 
qualitative simplification. This leaves f3j as the optimal choice. 
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Figure 2: A quasi- Adinkraic graphical depiction of the CLS. 



Reduction: Table 4 and Figure 2 make it clear that the top-most component fields, 

CLSy '■= (^43,^41,^^41,1^43 | (3 j) , (3.19) 

all by themselves properly close under supersymmetry, and so span a sub-representation, within 
CLS. Furthermore, the sub-supermultiplet (3.19) is adinkraic and has the chromotopography^ of 
a trans-fa/zse [17] . That is to say, it is possible (in principle) to consistently gauge away the 
remaining lower components, {K,L \ CiiPi I ^2j,^2j), leaving behind the supermultiplet (3.19) 
as an analogue of the Wess-Zumino gauge-fixed "vector" supermultiplet [14,50] . Thereby, the CLS 
is reduced, i.e., shown to contain smaller supermultiplets, although it did not decompose into their 
direct sum. 

Now, because of: 

1. the previous conclusion that the top-level fermions, /3j must not be mixed with (the d-r- 
derivatives of) the lower-level fermions, and 

2. the fact that no row-operation in the rows with the Q-transformations of the component fields 
X21, ^23, ^24, ^21, ^23, ^24 cau eliminate the remaining binomials, 

we conclude that the "other" component fields {K, L \ C,^, pj \ X2J, Y2j) do not form a closed, 
separate supermultiplet — unless we set 

1/3,) = (0,0,0,010,0,0,0), (3.20) 

whereupon the remainder of CLS, CLS\clSv=o^ clearly decomposes into 

(t, := {K\Ci\ X2i,X23,X24)) © I^Ty := {L \ Pj \ ¥"21, 1^23, 1^24)) , (3.21) 

which are also adinkraic, and are recognized as the worldline dimensional reduction of real linear 
supermultiplets, with dimensions (1|4|3|0|0) each. Indeed, notice the F^^-like structure of the D/- 
transformations of and pj in Table 4. 

■^Extending the definition of chromotopology [4], chromotopography denotes "chromotopology + height," i.e., 
the chromotopology with the nodes drawn at the height proportional to the engineering dimension of the 
corresponding component fields. 
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Schematically, using only the dimensions of these adinkraic supermultiplets, 
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. 1. 
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(3.22) 



where the arrows indicate that the two "sideline" supermultiplets and T^, D- ((5-)transform into 
the "central" portion (with higher engineering dimension), CLSy, but not the other way around. 

This is reminiscent of the "kites" in Ref. [31, Eq. (7)] , but the chromotopographies are rather 
different: here T^; and are jointly flying the valise kite, CLSy- Owing to the "bow-ties theorems" 
of Ref. [54] , it is clear that this valise (3.22) by itself cannot extend even to worldsheet super- 
symmetry (other than the trivial extension cases of unidextrous (4,0)- and (0, 4)-supersymmetry), 
and therefore certainly does not extend to supersymmetry in any higher-dimensional spacetime. 
However, the "bow-ties theorems" of Ref. [54] do not apply to gauge-fixed supermultiplets, and it 
is thus not impossible that CLSy as a gauge- fixed supermultiplet (a la Wess-Zumino) does extend 
to higher dimensions. In fact, this observation brings us back to the very first presentation [20] of 
the components of the complex linear multiplet. 

In this 'ancient' work in Ref. [20] there appears a discussion highlighting the fact that the 
fundamental superfield which describes the CLS is actually a gauge spinor superfield. This is true 
even though none of component fields in the multiplet are gauge fields. Nonetheless the superfield 
that describes them is a gauge superfield. In fact, the CLSy submultiplet is the analog for the CLS 
superfield as the Weyl supermultiplet is for the supergravity supermultiplet [19] . 

Encoding the Reduction: To specify the "sideline" "tensor-like" supermultiplets portions of CLS 
as proper sub-supermultiplets, we must impose a Q-covariant constraint on CLS, one that would 
annihilate the (0|0|4|4|0)-dimensional "central" portion, CLSy, which holds the CLS together. The 
Q-invariance of the superderivatives {{Qi, Dj} = 0) makes the manifestly supersymmetric superfield 
formalism the natural choice. 

Thus, we wish to annihilate the bosons ^34 := (X34— X12), -X^i4 := (X14— X23), K34 : = 
{Y34—Y12), and Yi4 := (1^14— 1^23)- These combinations are defined as the superderivatives 



X34 = -4[D[3D4] - D[iD2]]K, F34 
Xi4 = -4 [D[iD4] - DpDs]] K, Fi4 



-4[D[3D4]-D[iD2]]i, 
-4[D[iD4]-D[2D3]]i. 



(3.23a) 
(3.23b) 



This suggests the annihilation of both K and L by the superdifferential operators [D[3D4] — D[iD2]] 
and [D[iD4] — D[2D3]] — in addition to the imposition of (3.1). 

Indeed, we have the iteration of superdifferential constraints 



(C-^ + (7^)"'')D,Dfe(K + tL) = 0\k 



,5\ab 



[D[3D4] -D[iD2]](l<:-|-iX) =0 

[D[iD4]-D[2D3]](K + 2X) =0 



(3.24) 



Since [D[3D4] — D[iD2]] and [D[iD4] — D[2D3]] are real operators, they apply separately on K and L, 
as desired, thus setting all four bosons -3fi4, 1^34 and 1^14 to zero. Since the supersymmetry 
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transformation of these component fields consists — after the imposition of Eq. (3.7) — purely of f3j, 
then supersymmetry implies that the 2^^^^ "tier" of superdifferential constraints (3.24), 

[D[3D4] - D[iD2]] {K + tL)=0 and [D[iD4] - DpDg]] {K + iL) = 0, (3.25) 

also annihilates f3j. 

In fact, the superdifferential operators [D[3D4] — D[iD2]] and [D[iD4] — D[2D3]] appear, at least in 
the 0-brane reduction, in the constraints that define the CLS itself. The operator [D[3D4] — D[iD2]] 
appears in the primary superdifferential constraint (3.2). The 0-brane reductions, Eq. (3.26), 

H [D[iD4] - D[2D3]] K = -2 [H^ + D1D2D3D4] L (3.26a) 
2 [H^ + D1D2D3D4] K = H [D[iD4] - DpDg]] L (3.26b) 

of the secondary superdifferential constraints (3.8) contains the superdifferential operator [D[iD4] — 
DpDs]]. However, therein, the [D[3D4] — D[iD2]] and [D[iD4] — 0^03]] occur only: 

1. on one side of the original CLS superdifferential constraints (3.2), and 

2. on one side of the 0-brane reduced secondary CLS superdifferential constraints (3.26). 

Therefore, imposing (3.25) in addition to (3.2) sets both sides of the equations (3.2) and (3.26) to 
zero separately. This makes it obvious that © Ty, as defined in (3.24), is a special case of CLS, 
and therefore a sub-supermultiplet, 

T^®TyC CLS, and then CLSy = CLS/{T^ © Ty). (3.27) 
Thus, we conclude: 

• The CLS is indecomposable as a (l|4)-supermultiplet, but reduces to the direct sum of two 
smaller (l|4)-supermultiplets, T^; © Ty C CLS upon the imposition of the additional superdif- 
ferential constraints (3.25). 

• The CLS is not adinkraic and it does have uni-directional supersymmetry action. The latter 
is arguably correlated with the reducibility discussed above: by annihilating the CLSy "kite," 
both the remainder of CLS decomposes and the uni-directional D- (Q-) action is eliminated. 
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4 Actions, Variations, and Conclusions 

4. 1 Real Scalar Supermultiplet 

The AD transformation laws for the real scalar supermultiplet (2.1) are an invariance of the action 

Crss = -\M^- + lU^U^- - iKd + ^KaC^'A, (4.1) 

up to total derivatives. Reduced to the 0-brane, this action is unchanged and we now write it in 
terms of the Xjj defined in Eq. (2.5) 

Crss =\e''''''XijXKL - \Kd + ^Ka^^'A, 

=Xi2X34 + X31X24 + X14X23 - \Kd + i\ (-C1A2 + C2A1 + C3A4 - C4A3) , (4.2) 
gi234 _-|^ g^^^ totally antisymmetric. (4-3) 

The Lagrangian (4.2) is clearly invariant up to total derivatives with respect to the 0-brane trans- 
formations in Table 1. 

4.2 Real Pseudoscalar Supermultiplet 

Performing the substitutions (2.3) on the RSS action (4.1) we arrive at the Lagrangian for the real 
pseudoscalar supermultiplet 

Crps = -\M^ - + \V^V^ - \Ld + ly^C^'Xi, (4.4) 

which is invariant up to total derivatives with respect to the transformation laws (2.4). This action 
is obviously unchanged upon 0-brane reduction and here we write it in terms of the Y u defined in 
Eq. (2.8) 

Crps =Y'''''Y ijY kl - \Ld + ^p^C^^A, 

=1^12l"34 + 1"31>"24 + Y^^Y^Z - \Kd + l\ [-pj^2 + P2A1 + P3A4 " P4A3) (4-5) 

which is invariant up to total derivatives with respect to the transformation laws in Table 2. 

4.3 Complex Linear Supermultiplet 

The transformation laws (3.10) are an invariant of the CLS Lagrangian (4.6) 
CcLS = - Id.Kd^K - \d,Ld^L - - \N^+ 

+ WTCad.C, + IW'Pad.P, + lip, + Ca)C^'(3, 

up to total derivatives. We can remove the cross terms 
and the extra kinetic term 

t{Yrp,d,p, 
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(4.6) 

(4.7) 
(4.8) 



after switching to the basis 

V^=V^ + d^K , U^ = U^-d^L (4.9a) 
2K^Pa + Ca , 2C = p„-C (4.9b) 

with which the CLS Lagrangian takes, up to total derivatives, the simpler form in (4.10) 
CcLs = -\d,Kd^K - \d,Ld^L - - + \ujj^ + \V;V^ 

+ \i{lTLd,L + WaC'''h ■ (4.10) 

The 0-brane reduction of the original CLS Lagrangian (4.6) in the original, un-hatted basis takes 
the form in Eq. (4.11). 

-CcLS =\K'^ + - \YiiK + \XiiL + \ (X23 + + -^24 + ^23 + ^12 + ^24) + 

+ \ (^14^23 + -^34^12 + ^^14^23 + 34^23 + ^^34^12 + 34^24 — ^34^24) + 

+ l^'' (C/Cj + PiPj) + \ (P[2/3i] + C[2/3i] + P[3/34] + C[3/34]) (4.11) 

The field redefinitions (4.9) turn the transformation laws (3.10) into the transformation laws (4.12) 
for the hatted basis 

Y)aK = p^-Ca (4.12a) 
D,X = z(7^),''(p, + C,) (4.12b) 

Da P, = tCab M + (7^)„, N + li^S^ab U + ^Wab (4.12c) 
DaC = -t{inab{d,K) - (7V)a.(9^i) - 1 (7 V)a6 t/^ + f (7'^)a6 V;. (4.12d) 

D,M = ^,-i(7^)a'(a^p,) (4.12e) 

D„ AT = -^(7^).^^, + |(7'7'^)a'' {d,p,) (4.12f) 

D„ C/^ = 2(7^^)a''/3, - ^(7')a'(a^(Pb + 2C6)) - iil'Yl,)a' {du{h " 2C5)) (4.12g) 

D. V, = -{i,)a'^t + {d,{Pa - 2C)) + i(7'^7,)a^ (^.(p, + 2CJ) (4.12h) 

Da^, = |(7'^)a6 (5m^) + K7V)a6 (5^^) 

+ K7'7V)a. (9^0.) + Ul'YY)ab id,U.) 
+ |(7^^)a6 (d.Vu) + liYinab id,V.) 

+ v'"'d^d,{-tCatK + {^'^),,L), (4.12i) 

which are an invariant of the AD CLS Lagrangian (4.10), up to total derivatives. In this hatted 
basis, the 0-brane reduced Lagrangian takes the most simple form in Eq. (4.13) 

CCLS =\k^ + W - - W + \U,U' + \V,V^ + + ^ (P[2^1] + P[3^4] 

=\k^ + - \Y,,k + 1^14^ + \ [Xl, + X\, + Xl, + Yl, + Yl, + + 

+ \ (-^14^23 + ^34^12 + ^^14^23 + ^^34^23 + 34^12 + 34^24 ^ -^34^24) + 

+ i5"CX + Z (pp^y + P[3^4]) (4.13) 
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4.4 Conclusions 

In this work, we have concentrated on the structure of Adinkra graphs that are inherent in the 
complex hnear superfield CLS. Often an overlooked representation in the study of AD, M = 1 
supersymmetry, its existence has mostly been viewed as a curiosity that warranted little notice. We 
have performed a complete analysis of this multiplet in a self-contained explanation of how it is 
obtained by imposing appropriate super-differential equations on a real scalar and real pseudoscalar 
superfield in the AD, Af = 1 supersymmetry. We have shown that under a '0-brane reduction,' this 
supermultiplet produces a quasi-Adinkra which demonstrates non-Adinkraicity with respect the 
A^-cubical or projected A^-cubical Adinkras studied previously by the Doran et al. collaboration of 
Refs. [2,3,4,5,6] . 

An important implication of this work is that a large class of representations of supersymmetry is 
provided by Adinkra-like diagrams that are not iV-cubical. In fact, the construction given in section 
two of this work (beginning with two A^-cubical Adinkras for the real scalar and real pseudoscalar 
supermultiplets) which imposes constraints leads to the non-A^-cubical Adinkra of the complex linear 
supermultiplet. In fact, rather than being exceptional, it is more likely that as more complicated 
supersymmetric systems are considered, the occurrence of non-A^-cubical Adinkras will become 
generic. This has implications for the construction of higher dimensional off-shell supermultiplets. 
Any study based solely on A^-cubical Adinkras is likely to miss the important class of non-cubical 
representations. At a minimum such a study would be incomplete and inconclusive. 

"A fear of the unknown keeps a lot of people from leaving 
bad situations. " - Kathy Lee Gilford 
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